DIMENSION ESTIMATES FOR C! ITERATED FUNCTION
SYSTEMS AND REPELLERS. PART II

DE-JUN FENG AND KAROLY SIMON

ABSTRACT. This is the second part of our study of the dimension theory of C*
iterated function systems (IFSs) and repellers on R?. In the first part [24] we
proved that the upper box-counting dimension of the attractor of every C' IFS
on R? is bounded above by its singularity dimension, and the upper packing
dimension of every ergodic invariant measure associated with this IF'S is bounded
above by its Lyapunov dimension. Here we introduce a generalized transversality
condition (GTC) for parameterized families of C* IFSs, and show that if the GTC
is satisfied then the dimensions of the IFS attractor and of the ergodic invariant
measures are given by these upper bounds, for almost every (in an appropriate

sense) parameter. Moreover we verify the GTC for some parametrized families of
C' IFSs on R?.

1. INTRODUCTION

The present paper is a continuation of our work in [24] for studying the dimension
theory of C! iterated function systems (IFSs) and repellers.

One of the fundamental problems in fractal geometry and dynamical systems
is to compute various fractal dimensions of attractors of IFSs and associated in-
variant measures. The corresponding problem has been well understood when the
underlying IFSs consist of similitudes or conformal maps satisfying certain sep-
aration conditions (see e.g. [30, 26, 7, 44, 25, 39, 41]). The problem becomes
substantially more difficult when the underlying IFSs are non-conformal. In the
last 3 decades, many significant progresses have been achieved for affine IFSs, see
e.g. [5, 37, 13, 34, 32, 23, 11, 19, 2, 27] and the references in the survey papers
[10, 17] and a coming book [3].

In contrast to the extensive studies on affine IF'Ss, there have been relatively few
results on those IFSs which are neither conformal nor affine. In 1994, Falconer
[15] introduced a quantity (known as the singularity dimension) in terms of sub-
additive topological pressure, and showed that it is an upper bound for the upper
box-counting dimension of repellers of C? expanding maps satisfying a “bunching”
condition. Later in 1997, Zhang [50] proved that this upper bound holds for the
Hausdorff dimension of repellers of arbitrary C! expanding maps. We remark that
the results of Falconer and Zhang extend directly to the IFS setting. Recently, Cao,
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Pesin and Zhao [9] also gave an upper bound for the upper box-counting dimen-
sion of repellers of C'*® expanding maps satisfying a certain dominated splitting
property. However that upper bound depends on the splitting involved and is usu-
ally strictly larger than the singularity dimension. In [24] the authors proved that
the singularity dimension is an upper bound of the upper box-counting dimension
of the attractor of every C! IFS or the repeller of every C! expanding map, im-
proving the aforementioned results in [15, 50, 9]. The authors also established a
measure analogue of this result, that is, the upper packing dimension of every er-
godic invariant measure associated with a C! IFS or repeller is bounded above by
its Lyapunov dimension, improving an earlier result of Jordan and Pollicott [31] for
the upper Hausdorff dimension of measures. The reader is referred to Section 2.2
for the definitions of singularity dimension and Lyapunov dimension.

In [29] Hu computed the box-counting dimension of repellers of C? maps on R?
which have an invariant strong unstable foliation along which they expand more
strongly than in the complementary directions. Very recently, Falconer, Fraser and
Lee [18] computed the Li-spectra of Bernoulli measures associated with a class of
planar IFSs consisting of C'*® maps for which the Jacobian is a lower triangular
matrix subject to a domination condition and satisfying the rectangular open set
condition. As a corollary they obtained a formula for the box-counting dimension
of the attractors of such plannar IFSs. In another recent paper [33], Jurga and Lee
proved that, under slightly stronger assumptions, these Bernoulli measures (and
more generally, quasi-Bernoulli measures) on the attractors are exact dimensional
with dimension given by a Ledrappier-Young type formula. In earlier related works,
Bedford and Urbaniski [6] calculated the box-counting and Hausdorff dimensions of
the attractors of a very special class of planar nonlinear triangular C'*® IFSs (of
which the attractors are curves), Manning and Simon [36] and Barany [1] studied the
sub-additive pressure associated to nonlinear C'*® IFSs whose maps have triangular
Jacobians.

In this paper, we introduce a generalized transversality condition (GTC) for
parametrized families of C' IFSs on R¢, and show that if the GTC is satisfied
then for almost every (in an appropriate sense) parameter, the Hausdorff and box-
counting dimensions of the IFS attractor are indeed given by the singularity dimen-
sion, and the dimension of ergodic invariant measures on the attractor is given by
its Lyapunov dimension. Moreover, we will verify the GTC for several classes of
translational families of C* IFSs.

Before formulating our results precisely, we first recall some basic notation and
definitions. By a C' IFS on a compact set Z C R? we mean a finite collection
F = {fi}t_, of self-maps on Z, such that there exists an open set U D Z so that
each f; extends to a C'-diffeomorphism f; : U — f;(U) C U with

pi :=sup || D fil| <1,
zecU
where D, f stands for the differential of f at x and || -|| is the standard matrix norm

(i.e., [|A|| is the largest singular value of A).
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Let K be the attractor of the IF'S F, that is, K is the unique non-empty compact
subset of Z such that

(1.1) K= Ufl-(K)

(cf. [30]).

Let (3, 0) be the one-sided full shift over the alphabet {1,...,¢}. Let II: ¥ — K
denote the corresponding coding map associated with the IFS F, that is,

(1.2) () = lim fiy 000 £, (0, i= (i)

It is well known that IT is continuous and surjective ([30]). For a o-invariant Borel
probability measure p on X, let Il denote the push-forward of p by II, that is,
[L.u(E) = p(II7Y(E)) for each Borel subset E of RY.

For a Borel probability measure & on R?, we call
1 B - 1 B
d¢(r) = lim inf log(B(z, 7)) and  d¢(z) = limsup log¢(B(x, 7))
r—0 log r r—0 log r

the lower and upper local dimensions of § at x, where B(x,r) stands for the closed
ball centered at x of radius r. Moreover, we call

dim, € = essinf d.(z) and  dimpé = esssup de(z

dim;¢ xespt(&)_d ) rt .TESpt(g 5( )

the lower Hausdorff dimension and upper packing dimension of &, respectively. If
dim ;¢ = dimp€, we say that & is exact dimensional and write dim £ or dimy € for
this common value.

To introduce the notion of GTC, let £ > 2 and let F* = {f{,..., fi}, t € Q, be
a parametrized family of C' IFSs defined on a common compact subset Z of R
where (€2, p) is a separable metric space, such that the following two conditions hold:

(C1) The maps f! have a common Lipschitz constant 6 € (0, 1), that is

(1.3) fi(z) = fi(y)] < Olz —y|
forall 1 <i¢</{ teQandz,y € 7.

(C2) The mapping ¢ — f}(z) is continuous over ) for every given z € Z and
1 <</

For each t € Q, let K* denote the attractor of F*, and let II* : ¥ — R¢ denote
the coding map associated with the IFS F*. Due to the conditions (C1) and (C2),
the mapping (¢,1) — II*(i) is continuous over the product space Q x 3.

ForteQ,r>0andie X, :=J _,{1,...,£}", set

k
tioN s . r L

(14) ZI(T)—;Ielgmln{gbk(D—erlt) ]{3—0,1,7d},

where ff := fl o-- o fl fori=14...i,, f! denotes the identity map on R? and

¢°(-) stands for the singular value function (see (2.5) for the definition).
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Definition 1.1. Let n be a locally finite Borel measure on 2. We say that the
family F*, t € Q, satisfies a generalized transversality condition (GTC) with respect
to n if there exist dy > 0 and a function @ : (0,dy) — [0, 00) with lims_qt(d) =0
such that the following statement holds: for every ty € 2 and every 0 < & < dy,
there exists a constant C' = C(tp, d) > 0 such that for all distinct i,j € ¥ and r > 0,

(1.5) n{t € B(ty,0) : |II'(i) — I'(§)| < r} < CelNP@ Zlo (1),

inj

where B(ty,0) denotes the closed ball in Q of radius 0 centered at ¢, i A j denotes
the common initial segment of i and j, and |i A j| is the length of the word i A j.

The introduction of the GTC is inspired by the work of Jordan, Pollicott and
Simon [32] who defined the self-affine transversality condition for certain transla-
tional families of affine IF'Ss. The new feature here is that the upper bound term in
the right-hand side of (1.5) depends upon %y, ¢ and |i A j|, whilst in the setting of
[32] the corresponding upper bound term is independent of these parameters and is
determined by the linear parts of one pre-given affine IF'S.

For t € Q) and a o-invariant measure p on Y, we write
(1.6) d(t) := dimg(F"), d,(t) :=dimp 7 p

for the singularity dimension of F* and the Lyapunov dimension of ;1 with respect
to Ft, respectively; see Definitions 2.3-2.4. For E C R, let dimy E denote the
Hausdorff dimension of E, and let dimpF, dimzE denote the upper and lower
box-counting dimensions of E, respectively (cf. [16]). When dimpFE = dimzFE, the
common value is said to be the box-counting dimension of F and is denoted by
dim B E.

The first result of the present paper is the following.

Theorem 1.2. Let F' = {f},..., fl}, t € Q, be a parametrized family of C* IFSs
defined on a common compact subset Z of R, such that the conditions (C1)-(C2)
hold. Let n be a locally finite Borel measure on ). Assume that (F')eq satisfies the
GTC with respect ton. Then the following properties hold.

(i) Let p be a o-invariant ergodic measure on Y. For n-a.e. t € Q, 1Ly is exact
dimensional and
dimg I, = min{d, d,(t)}.
Moreover, Il' y < Ly for n-a.e. t € {t' € Q: d,(t') > d}, where Ly denotes
the Lebesque measure on RY.
(i) For n-a.e. t € Q,
dimy K' = dimp K* = min{d, d(t)}.
Moreover, Lq(K") > 0 for n-a.e. t € {t' € Q: d(t') > d}.

The above theorem is a nonlinear analogue of the results of Jordan, Pollicott and
Simon [32, Theorems 4.2-4.3] for affine IF'Ss. We emphasize that in the nonlinear

case, the singularity and Lyapunov dimensions depend on the parameter ¢, whilst
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in the affine case, the corresponding quantities are constant. This is a key difference
between the affine case and the nonlinear case. We remark that Theorem 1.2 also
extends and generalizes the corresponding results of Simon, Solomyak and Urbanski
([45, Theorem 3.1], [46, Theorem 2.3]) for C*** conformal IFSs on R.

Now a natural question arises how to verify the GTC for a parametrized family

of C' IFSs. In what follows we investigate this question for certain translational
families of C'' IFSs.

First we introduce some definitions.

Definition 1.3. Let F = {f;}{_; be a C' IFS on a compact set Z C R? such that
fi(Z) C int(Z) for each i. Set

(1.7) fle=fi+ty, i=1,...,¢

where t = (ti,...,t,) € R* with t; € R%. By continuity, there is a small ry > 0
such that f}(Z) C int(Z) for every t with |[t| < ry and every i, where | - | is the
Euclidean norm. Set F* = {ft}{_, for each t with |t| < ro. We call (F!)¢ca, where
A:={s e R": |s| < ry}, a translational family of IFSs generated by F.

Definition 1.4. Let F = {f;}{_, be a C! IFS on a compact set Z C R%. We say
that F is dominated lower triangular, if for each z € Z and i € {1,...,(}, the
Jacobian D, f; of f; at z is a lower triangular matrix such that

(D, fi)i| > [(Dzfi)eel = - > (D2 fi)aal

We remark that in the above definition, the condition for an IF'S to be dominated
lower triangular is slightly weaker than that required in [18, 33].

Definition 1.5. Let ¢ € N with ¢ > 2. Assume for j = 1,...,n, F; = {fi;j}_, is
an [FSon Z; CR%. Let F = {f;}{_; bean IFSon Z; x --- x Z, CR%” x .-+ x RI
given by

filer, oo xn) = (fir(za), .., fin(zn)), i=1,...,0, 2y € Z for 1 <k <mn.
We say that F is the direct product of Fi,...,F,, and write F = F; X --- X F,.

Now we are ready to state the second main result of the paper.

Theorem 1.6. Let F = {f;}¢_, be a C' IFS on a compact set Z C R? such that
fi(Z) C int(Z) for each i. Suppose either one of the following 3 conditions holds:

(i) F is dominated lower triangular on Z satisfying

(18) o (sup D, f + 1D.,1) <1
i#] Y,2€Z

and Z 1s convex.

(i) F is a C' conformal IFS on Z satisfying (1.8), and Z is connected.

(ii) F = Fy X --- X F,, where for each k € {1,...,n}, Fr is a C' IFS on
a compact Z), C R¥* satisfying either (i) or (i), in which F and Z are
replaced by Fi, and Z; respectively.

5



Then there is a small ro > 0 such that the translational family
]:t - {fz +ti}f:17 t= (tl,. .. 7tg) e A= {5 € RZd : |5| < 7’0},

satisfies the GTC with respect to the Lebesgue measure Lyg on A. As a consequence,
the conclusions of Theorem 1.2 hold for the family (F)iea.

The above theorem is a (partial) non-linear extension of the corresponding results
in [13, 47, 32] for affine IFSs. Recall that in the case when F = {f;(z) = Az +a;}i_,
is an affine IFS on RY, under the assumption that

(1.9) max [|4if| <1/3,

Falconer [13] proved that the dimension of the attractor of F* = {f; +t;}¢_; is equal
to its affinity dimension for Ly-a.e. t = (t1,...,t,) € R¥. Later Solomyak [47]
pointed out that the bound 1/3 in (1.9) can be replaced by 1/2. By an observation
of Edgar [12], 1/2 is optimal. Under the same assumption that

(1.10) %?S}%“Al” <1/2,

Jordan, Pollicott and Simon [32] showed that the translational family (F!)¢cgea sat-
isfies the self-affine transversality condition. It was pointed out in [3, Theorem
9.1.2] that the assumption (1.10) can by further replaced by a slightly more general
condition max;; (|| 4] + ||4;]]) < 1.

We remark that Theorem 1.6 also extends the results of Simon, Solomyak and
Urbariski ([45, Proposition 7.1], [46, Corollary 7.3]) for translational families of C1
conformal IFSs on R. It is worth pointing out that for every C!' conformal IFS
satisfying the open set condition (or C' conformal expanding map), the dimension
of its attractor (or repeller) satisfies the Bowen-Ruelle formula, and is equal to the
singularity dimension; meanwhile the dimension of ergodic invariant measures on
the attractor (repeller) is given by the Lyapunov dimension (see [7, 44, 25, 39]).

The paper is organized as follows. In Section 2, we give some preliminaries, in-
cluding the variational principle for sub-additive topological pressure, the definitions
and properties of singularity dimension and Lyapunov dimension. In Section 3, we
prove Theorem 1.2. The proof of Theorem 1.6 is rather long and will be given in
Sections 4-7, where we divide the whole proof into 3 different parts, by considering
the conditions (i)-(iii) in Theorem 1.6 separately.

2. PRELIMINARIES

2.1. Variational principle for sub-additive pressure. In order to define the sin-
gularity and Lyapunov dimensions, we require some elements from the sub-additive
thermodynamic formalism.

Let (X, 0) be the one-sided full shift over the alphabet {1,...,¢}. That is, X =
{1,..., 0} which is endowed with the product topology, and ¢ : ¥ — ¥ is the left
shift defined by (z;)52, — (2;41)52,. Write 3, = {1,...,¢}" for n > 0, with the
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convention ¥y = {e}, where € stands for the empty word. Set ¥, = [J 2, %,. For
r=(2;)2, € ¥ and n € N, write z|n = x1 ... 2,.

Let C(X) denote the set of real-valued continuous functions on X. Let G = {g, },,
be a sub-additive potential on ¥, that is, g, € C(X) for all n > 1 such that

(2.1) Gmin(T) < gn(z) + gm(c™z) for all x € ¥ and n,m € N.

The topological pressure of G is defined by

(2.2) P(X,0,G) = lim llog (Z sup exp(gn(x))) ,

n—oo M
Iex,, *€ll]

where [I] :={z € ¥: x|n =1} for I € ¥,,. The limit can be seen to exist by using
a standard sub-additivity argument.

If the potential G is additive, i.e. g, = Zz;ég o o* for some g € C(¥), then
P(%,0,G) recovers the classical topological pressure P(X, 0, g) of g (see e.g. [49]).

Let M(X,0) denote the set of o-invariant Borel probability measures on 3. For
pe M(E,0), let h,(o) denote the measure-theoretic entropy of p (cf. [49]). More-
over, for p € M(X, o), by sub-additivity,

n—oo N

1 1
(2.3) Gi(p) := lim — [ g,du = infﬁ /gnd,u € [—00,00).

See e.g. [49, Theorem 10.1]. We call G.(u) the Lyapunov exponent of G with respect
to u.

The following variational principle for the topological pressure of sub-additive
potentials generalizes the classical variational principle for additive potentials ([43,
48]):

Theorem 2.1 ([8]). Let G = {gn},—, be a sub-additive potential on (X,0). Then
(2.4) P(X,0,G) =sup{h,(o) + Gu(p) : p€ M(X,0)}.

Although in [8] this is proved for sub-additive potentials on an arbitrary con-
tinuous dynamical system on a compact space, we state it only for shift spaces.
Particular cases of the above result, under stronger assumptions on the potentials,
were previously obtained by many authors, see for example [14, 22, 20, 34, 38, 4]
and references therein.

Measures that achieve the supremum in (2.4) are called equilibrium measures for
the potential G. There exists at least one ergodic equilibrium measure; see e.g. [21,
Proposition 3.5] and the remark there.

2.2. Singularity dimension and Lyapunov dimension with respect to C*
IFSs. In this subsection, we define the singularity and Lyapunov dimensions with

respect to C! IFSs.
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Let F = {f;}’_; be a C' IFS on a compact set Z C R? and let K denote the
attractor of F (cf. Section 1). Let (X, o) be the one-sided full shift over the alphabet
{1,...,¢} and let IT : ¥ — K be the coding map defined as in (1.2).

Let R%*? denote the collection of d x d real matrices. For T € R%?, let
a(T) = - = aq(T)

denote the singular values of T. Following [13], for s > 0 we define the singular
value function ¢* : R¥>*? — [0, 00) as

R sk .
(25) 6(T) = { (Oiééé(j;z)s/dak(T)OékH(T) i (; ; CSZ’< d,

where k = [s] is the integral part of s. Here we make the convention that 0° = 1.
The following result on ¢° is well known; see e.g. [13].

Lemma 2.2. (i) ¢°(ST) < ¢*(S)¢*(T) for all S, T € R4 and s > 0.
(i) ¢*tU(T) < ¢*(T)||T||* for all T € R4, st > 0.

For a differentiable mapping f : U C RY — R?, let D, f denote the differential of
f at z € U. Sometimes we also write f’(z) for D, f, and also call D, f the Jacobian
matrix of f at z. Below we introduce the concepts of singularity and Lyapunov
dimensions.

Definition 2.3. The singularity dimension of F = {f;}_,, written as dimg F, is
the unique non-negative value s for which

P(%,0,G°) =0,
where G* = {g2}> ; is the sub-additive potential on X defined by
(2'6> grsz(x) = log ¢S(Dﬂa”xfr|n)a ASDI
with f:}c\n = fm ©---0 fxn for z = (%)3021-

Definition 2.4. Let p be a o-invariant Borel probability measure on . The Lya-
punov dimension of i with respect to F = {fi}i_,, written as dimy, 7 j, is the unique
non-negative value s for which

hu(o) +G:(p) = 0,
where G* = {g5}°2, is defined as in (2.6) and G¢(p) := im0 = [ g5 dpu.
Remark 2.5. (i) It is not hard to show that there exist a < b < 0 such that
nsa < g3 (r) < nsb, gt (z) < gi(z) + ntb

for all x € ¥, n € N and s,t > 0, where g5(x) is defined as in (2.6). The
existence and uniqueness of s in Definitions 2.3-2.4 just follow from this fact.
(ii) The concept of singularity dimension was first introduced by Falconer [13,
15]; see also [35]. It is also called affinity dimension in the case when the

IFS {f;}{_, is affine, that is, each map f; is affine.
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(iii) The definition of Lyapunov dimension of invariant measures with respect to
an IFS presented above was adopted from [31]. It is a generalization of that
given in [32] for affine IFSs.

The following result describes the relation between the singularity dimension and
the Lyapunov dimension.

Lemma 2.6. Let F = {f;}¢_, be a C' IFS on a compact subset Z of R:. Suppose
6 € (0,1) is a common Lipschitz constant for fi,..., fo. That is,
|filz) — fily)| < Olxr —y| foralll <i<{ x,y€ Z.
Then the following properties hold.
(i) dimg F = sup{dim, rp : u € M(X,0)}. The supremum is attained by at

least one ergodic measure.

(i) dimg F < 87,

Proof. Since 0 is a common Lipschitz constant for fi,..., fo, |D,fi|| < 0 for each
1<i</land z € Z. It follows from Lemma 2.2(ii) that for sy > s; > 0,

0" (Dttons foln) < 6" (Drigna fopa)0"* ) forallz € X, n €N,
from which we see that
P(X,0,G%) < P(X,0,G°') — (s — s1) log(1/0).
Hence P(X,0,G?®) is strictly decreasing in s.

Now let p € M(X,0). Write s = dimy, . Then h, (o) +
Theorem 2.1 to the sub-additive potential G° yields that P(X
dimg F > s = dimy, _r p. It follows that

dimg F > sup{dim, rp: p € M(3,0)}.

To show that equality holds, write s = dimg F. Let v be an ergodic equilibrium
measure for the potential G¥. Then

0= P(,0,G%) = hy(o) + G (v),
which implies that dim; v = s’. That is, dim;, v = dimg F. This completes the
proof of (i).

To see (ii), notice that ¢* (Diyny Jain) < 0" for all x € ¥ and n € N. Tt follows
from the definition of P(X,0,G*) that

) = 0. Applying
G®) > 0. Hence

G:(u
, 0,

! 1 /
0=P(X,0,G°) < lim —log({"0™) = log{ + s'log¥,
n—oo N

log ¢
log(1/0)"

from which we obtain & < This completes the proof of (ii). O

For a o-invariant ergodic measure p on X, let Il denote the push-forward of u
by II. In the following we present the main result obtained in the first part [24] of
our study on the dimension of C' iterated function systems: the upper box-counting

dimension of the attractor of F is bounded above by the singularity dimension of
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F, whilst the upper packing dimension of I, is bounded above by the Lyapunov
dimension of .

Theorem 2.7 ([24]). Let F = {fi}i_, be a C* IFS with attractor K, and let j1 be a
o-invariant ergodic measure on Y. Then the following properties hold.

(i) dimpK < dimg F.
(ii) dimplLp < dimp, #(p).

3. THE PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. A key part of the proof is the following
proposition.

Proposition 3.1. Assume that F*, t € ), satisfies the GTC with respect to a locally
finite Borel measuren on ). Let i be a o-invariant ergodic measure on Y. Letty € €2

and 0 < 0 < &y, where &g is given as in Definition 1.1, Then the following properties
hold.

(i) For n-a.e. t € B(ty,0),
Y (9)
log(1/6)’

where (-) is given as in Definition 1.1, and 6 is given as in (1.3).
(ii) If d,(to) > d + wl/@ then Ly < Ly for n-a.e. t € B(to, ).

(3.1) dimy I o > min{d, d,(to)} —

The proof of the above proposition is adapted from an argument used in [32,
Propositions 4.3-4.4]. For the reader’s convenience, we include a full proof. We
begin with the following.

Lemma 3.2. Assume that (F')cq satisfies the GTC with respect to a locally finite
Borel measure n on ). Let s be non-integral with 0 < s < d. Let ty € 2 and
0 < & < &y, where oy is given as in Definition 1.1. Then there exists a number
¢ > 0, dependent on s and &, such that for all distinct i,j € 33,

-1
(3.2) /B( ) It (i) — IIE(5)| % dn(t) < celNPO) (I:]fcleaZX qu(DntomffXj)) :
to,

where (- is given as in Definition 1.1.

Proof. Take y € ¥ so that ¢S(Dnt0yff/(§j) = maxgeyx ¢°( Doy 1/\J) Let k be the unique
integer such that s € (k,k+1). Clearly k € {0,1,...,d—1}. For convenience, write
a = 0" (Druoy fify), b= " Doy fi75),

where ¢°(-) stands for the singular value function (see (2.5) for the definition). A
direct check shows that

(3.3) ¢*(Drrroy fir;) = a1 750° 7%,
10



Observe that

/B ) G )
= s/ooo 57 In{t € B(ty,6) : |II'(i) — ITI'(§)| < 7} dr

< s(]emjw‘s)/ T_S_lZitRj(r) dr (by (1.5))
0

k+1

00 k
< Sceim’w(é)/ rslmin{r_’ TT} dr  (by (1.4))
0

a

) b/a Tk—s 00 ,rk—s—l
< sC’e‘/\”’(‘s)/ ——dr —l—/ dr
0 b b

a a

. 1 1
— sCeliNl() s—k—1pk—s
e k+1—s + s— k)¢

1 1 " o
= sC (k 1. + o k’) e|1/\J|¢((5)(¢5(Dnt0yfi/(ij)> 1 (by (33))

This proves (3.2) by setting ¢ = sC (Hi_s + 1), O

Proof of Proposition 3.1. Fix to € Q and ¢ € (0,0¢). We first prove part (i). Let
e > 0 and let s be non-integral so that

. Q)

4 — —
(3.4) 0 < s <min{d,d,(t)} o (1/0)
To show that (3.1) holds for n-a.e. t € B(ty,0), it suffices to show that
(3.5) dim, Ity > s for n-a.e. t € B(ty,9).

For this purpose, we write
(3.6) (1) = max ¢*(Dyto ), Iex,.
We first prove that
(3.7) lim p(fijn)) =0 for pra.e i€ .

n=oo 08(i|n) exp(—n(0))ne
To see this, according to the definition of d,,(to) (cf. (1.6) and Definition 2.4),

1
(3.8) hu(o) + lim = [ log ¢“)(Dpuons fif,) dp(i) = 0.

n—oo M,

It follows from (3.8), the Shannon-McMillan-Breiman theorem and Kingman’s sub-
additive ergodic theorem (see [49, p. 93 and p. 231]) that

g )
e 228 0 %8 G Dy f1)

11

=0 for prae. i€ .



Observe that for each i € ¥ and n € N,
¢ (Dryogni f1,) < ¢*(Drtogni fio) || Dirtogns fif, |49 (by Lemma 2.2(ii))
< @ (ifn)gn o)) (by (3.6) and (1.3))
< ¢*(iln) exp(—nep(9))6" (by (3.4)).
Combining the above inequality with (3.9) yields (3.7).

By (3.7), we may find a countable disjoint collection of Borel subsets E; of ¥ with
n(X\UjZ, Ej) = 0 and numbers ¢; > 0 such that

(3.10) wi([iln]) < c¢jp’(iln) exp(—nap(0))0™c  for allie X, n € N,
where p; stands for the restriction of y1 to £ defined by p;(A) = p(E£;NA). Clearly,

(3.11) =
j=1

Hence, to prove (3.5) it suffices to show that for each 7,
(3.12) dim,ITipu; > s for n-a.e. t € B(ty,d).

By the potential theoretic characterization of the Hausdorff dimension (see e.g. [16,
Theorem 4.13]), it is enough to show that for each j and n-a.e. t € B(to,0), I’ y;

has finite s-energy:
/ / dITE () dITE i (y)
I < 00
Iw —yl*

Integrating over B(to,d) with respect to n and using Fubini’s theorem,

[ =[] LG T
-, B // |riﬂj d”" )
- // /B(to,é) ITIE(3) — ét(‘ms dpi(1)dp (§)

< [[ eSO A 5) @) (b (32), (56)
< [ 3O Gl Gl

< [ S 0edus(i) (by (3.10))

< 00.

It follows that I (ITYu;) < oo for n-a.e. t € B(ty,d). This completes the proof of

part (i).
12



Next we prove part (ii). Take a small € > 0 so that

¥(9)
log(1/0)

(3.13) d,(to) > d + + 2.

Then for every i € ¥ and n € N,
gbdu(to)(DHtognl 1|n> < ¢d<DHt00n1f )HDHtOo-nl 1|n||dﬂ (to)—d (by Lemma 2.2(11))
< @?(ifn)gndulto)=d) (by (3.6) and (1.3))
< (i) exp(—ngp(8))0™*  (by (3.13)).
Combining the above inequality with (3.9) yields that
. M
n—o0 p?(i[n) exp(—nip(6))0"
Hence there exist finite positive measures v; and numbers a; (j > 1) such that
p=7372v;and
(3.14) vi([iln]) < a;¢%(in) exp(—n(0))0™  for alli€ %, n € N.

for p-a.e. i € 3.

Since u = > 77, vj, to show that Il < Ly for n-a.e. t € B(to,0), it suffices to
show that for each j,

(3.15) Mly; < L4 for n-a.e. t € B(ty,9).

To this end, fix 7. We will follow a standard approach (introduced by Peres and
Solomyak in [40]). In particular, it suffices to show that

IM'v,(B
I —/ /hmmf ;i (Bra(z,7)) dIv;(z)dn(t) < oo,
t() 5)

r—0 rd

here Bga(x,7) stands for the closed ball in R¢ centered at z of radius 7. Observe
that by (1.4) and (3.6),

rd rd

3.16 Zt0 < inf = forw e X,, r > 0.
(3.16) ") < i D)~ (@)

Applying Fatou’s Lemma and Fubini’s Theorem,

[<hm1nf—/ " /n vs(Bau (2, 1)) dITv; () (1)

= hmlnf—/ ) // 1{xy) lz—y|<r} dIT VJ( )dH I/]( )d??( )
B(to,

r—0

—hmlnf—/ // L) ey —mmey <y dvy(1)dv;(§)dn(t)
r—0 to(s
~ lim ot / / / Veniios) )11 /<y dn(t)dv; (i) )

r—0

= hmmf— // {t € B(to,0) : |TI*(i) — II"(j)| < r} dv;(i)dv;(j).




By (1.5) and (3.16), we obtain that

I< hmmf— // CleltNIv “S)ZtO (r) dv;(i)dv;(j)

tﬂwww v (3)dv; )

e
< 3= Simgrttind )

aGny "

S%C/EFMWM> (by (3.14))

< 00,

which completes the proof of part (ii). O
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2(i). Let u be a o-invariant ergodic measure on >. We first show
that for n-a.e. t € Q, ITL j1 is exact dimensional with dimension equal to min{d, d,,(¢)}.
Recall that dlmthu < min{d,d,(t)} for each ¢t € 2 (see Theorem 2.7(ii)). Hence
it is sufficient to show that for n-a.e. t € Q, dim,II* i > min{d,d,(t)}. Suppose on
the contrary that this is false. Then there exist £ € N and A C Q with n(A) > 0
such that

2

(3.17) dim 1T’ < min{d, d,(t)} — z for all t € A.
Take a number § € (0,dy) small enough such that
¥(9) 1
1 —.
1) os(1/8)

Since () is a separable metric space, it has a countable dense subset
Y ={y,: neN}L
Notice that by (1.3) and Lemma 2.6,

log ¢
<d,(t) <d(t) < f ht e €.
0<d,(t) < ()_log(l/e) or each t €
Due to this fact, for each n € N we may pick y: € B(yn,0/2) so that
. 1
(3.19) L) > sw d(h) -1
te€B(yn,0/2)

Let Y* = {y} : n € N}. Clearly, Y* is countable. We claim that

1
(3.20) sup  du(y*) >d,(t) ——- forallte.
y*EB(t,5)NY * k
14



To see this, let t € . Since Y is dense in (), there exists an integer m such that
P(Ym,t) < /2. Then

(3.21) Ym € Blym,0/2) C B(t,0).
Meanwhile by (3.19),

1

dulvp) > sup du(t) = 5 > du(t) = 7

t'€B(ym,0/2)

where in the last inequality we use the fact that t € B(y,, d/2) (since p(ym,t) < 0/2).
This proves (3.20), since vy, € B(t,0) N Y* by (3.21).

Set for n € N,
(3.22) Q, ={te By,,9): d,(y;) >d,(t)—1/k}.
By (3.20), @ =2, ©,. Define
Fy = {t€ B(y,.0) : dimylp < min{d,d,(y)} — 1/k}, neN.

By (3.17), we see that AN Q,, C E, for each n € N. However by Proposition 3.1(i)
and (3.18), for each n € N and n-a.e. t € B(y},9),

»(9)
log(1/0)
It follows that n(F,) = 0 for each n € N. Hence

n(A) =1 (Aﬂ (U Qn>) <Y n(ANQ,) <Y (k) =0,

n=1

=

1
dim, IT pp > min{d, d,,(y;)} — > min{d, d,,(y)} = 7

leading to a contradiction. This proves the statement that for n-a.e. t € Q, Ity is

exact dimensional with dimension min{d, d,,(t)}.

Next we prove that Ity < L, for n-a.e. t € {t € Q: d,(t') > d}. Again we use
contradiction. Suppose on the contrary that this result is false. Then there exist
k€ Nand A" C Q with n(A") > 0 such that

2
(3.23) d,(t)>d+ z and Ilp & Ly forall t € A'.

Set
Fy={t € B(y,0): p & Ls}, neN.
Clearly, A’ N, C F, for each n € N. Since Q = (J'~, Q,, and n(A’) > 0, there

exists m € N so that n(4’'NQ,,) > 0. Hence A'NQ,, # 0. Pickt € A NQ,,. By
(3.22), (3.23) and (3.18),

1o $(0)

d,(yr) >d,(t)——>d+—->d+ ———.
Hence n(F,,) = 0 by Proposition 3.1(ii). Since A’ N Q,, C F,,, it follows that
n(A’'NQ,) =0, leading to a contradiction. O

15



Proof of Theorem 1.2(i1). By Lemma 2.6, for each ¢ € ) we can find a o-invariant
ergodic measure p; on X such that

d(t) = dp, (t)-
Moreover 0 < d(t) < log¢/log(1/6).
Next we prove that dimy K = dimp K = min{d,d(t)} for n-a.e. t € Q. By

Theorem 2.7, dimpK* < min{d,d(t)} for every ¢t € Q. Hence it is sufficient to show
that

dimg K' > min{d, d(t)} for n-a.e. t € Q.
Suppose on the contrary that this statement is false. Then there exist k € N and
H C Q with n(H) > 0 such that

(3.24) dimy K' < min{d,d(t)} —2/k for allt € H.
Take a number 6 € (0, dg) such that (3.18) holds. Since d(t) is uniformly bounded

from above, similar to the construction of Y* in the proof of part (i) we can construct
a countable dense subset Y’ = {y/ }>2; of Q such that

1
(3.25) sup d(y')>d(t)—— forallte.
Y EB(LO)NY k
Write
(3.26) Q ={teB(y,,d): dy,)>d(t)—1/k} forn e N.

By (3.25), Q =J,—, Q. Notice that for each n € N,
QO NHC{teB(y,>): dimyK'<min{d,d(y,)} —1/k}
C {t € B(y,,9) : dimpIT(ny,) < min{d.d,,, (y,)} —1/k}
. . ¥(9)
e {te B0 dimyl(uy) < minfd. dy, 040} - 0}
where we have used the facts that dimy K* > dim ;1T () and d(y),) = dy,, () in

the second inclusion, and (3.18) in the last inclusion. Hence n(€2), NH) = 0 for each n
by applying Proposition 3.1(i). It follows that n(H) < > n(2,NH) = 0, leading
to a contradiction. This completes the proof of the statement that dimy K! =
min{d, d(t)} for n-a.e. t € €.

Finally we prove that L£4(K') > 0 for n-a.e. t € {t' € Q : d(¢') > d}. Suppose
on the contrary that this result is false. Then there exist £k € N and H' C 2 with
n(H') > 0 such that

2
(3.27) d(t) > d+ o and Lyg(K') =0 for all t € H'.

Set

F' ={te B(y,d): Lo(K")=0}, neN.
16



Clearly, H' N Q! C F for each n € N. Since Q = [J. 2, 2, and n(H’) > 0, there
exists m € N so that n(H' N §Y,) > 0. Hence H' N Q. # 0. Taking t € H' N Q! and
applying (3.26), (3.27) and (3.18) gives

1o $(0)
d ')=d(y.,) >dlt)— = >d+—->d+ ———.

Now by Proposition 3.1(ii), IT{ (u,, ) < L4 for n-a.e. t € B(y,,,0). This implies that

n(E!) = 0. Since H' N Q. C F!, it follows that n(H' N ) = 0, leading to a

contradiction. O

4. TRANSLATIONAL FAMILY OF IFSS GENERATED BY A DOMINATED LOWER
TRIANGULAR C' IFS

In this section, we show that under mild assumptions, a translational family of
C! TFSs generated by a dominated lower triangular C! IFS, satisfies the GTC. To
begin with, let S be a compact subset of R with non-empty interior.

Definition 4.1. Let ¢ € N with £ > 2. We say that F = {f;}‘_, a dominated lower
triangular C' IFS on S if the following conditions hold:

(i) fi(S) Cint(S),i=1,...,L.
(ii) There exists a bounded open connected set U D S such that each f; extends

to a contracting C' diffeomorphism f; : U — f;(U) with f;(U) C U.
(iii) For each z € S and i € {1,...,/¢}, the Jacobian matrix D, f; of f; at z is a
lower triangular matrix such that

(D= fi)is| < |(D:fi)w|  foralll <k <j<d
In the remaining part of this section, we fix a dominated lower triangular C*' IFS
By continuity, there exists a small o > 0 such that the following holds. Setting
fi=fi+t

for 1 <i</andt= (t,...,t;) € R with |t| < ro, we have f}(S) C int(S) for
each 1.

Write A := {t e R : |t| < o} and set
f-t = {fzt f:la t € A
We call Ft, t € A, a translational family of IFSs generated by F. For i =i, ...4, €

3, we write ff = ft oo f}.
ForaC'map ¢g:S — R%and z;,...,24 € S, we write
0 o
VT1(z1) a_iﬁ(zl) 3—2(21)
(4.1) D7 9= : = P ,
T 9 B
V¥ ga(2a) a—ii’(zd) e 6—%(261)
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where g; is the i-th component of the map ¢, 2 =1,...,d. Clearly,
(4.2) (D 9)ij = (D.,9);; foralll<i,j<d.

Rlyeeey Zd
The main result in this section is the following.

Theorem 4.2. Let F!, t € A, be a translational family of IFSs generated by a
dominated lower triangular C* IFS F defined on a compact convex subset S of RY.
Suppose in addition that

43 = _max | sup|[Dyfi|| +sup||D.f;|| | <1.
(43) pm (s DA+ sup 1.5

Then F, t € A, satisfies the GTC with respect to d-dimensional Lebesque measure
Lyq restricted to /.

The proof of the above theorem is based on the following.

Proposition 4.3. Let Ft, t € A, be a translational family of IFSs generated by a
dominated lower triangular C* IFS F on a compact subset S of R?. Then there exists
a function h : (0,r9) — (0,00) with lims_0h(5) = 0 such that for each § € (0,r¢),
there is C(0) > 1 so that

(4.4) 1Dy fa - (D5, .. fo) Il < C(8)e™™®

-----

foreveryn e Ny w e X, y,21,...,24 €S and 6, € A with |s — t| <.

In the next two subsections we prove Proposition 4.3 and Theorem 4.2 respectively.

4.1. Proof of Proposition 4.3. We first prove several auxiliary lemmas.

Lemma 4.4. Let ¢ > 1 and d € N. Let A be a real d X d non-singular lower
triangular matriz such that
(45) |Az]| S C|Ajj’ fOT all 1 S Z,j S d.

Then
(A 5] < (V) (A Y] forall1 <i,5 <d.

Proof. Tt is well known (see e.g. [28]) that A™! = madj(A), where adj(A) is the
adjugate matrix of A defined by

(adj(A4))i; = (1) det(A(5,1)),  1<ij<d,

here A(j,4) is the (d — 1) x (d — 1) matrix that results from A by removing the
j-th row and i-th column. By the Hadamard’s inequality (see e.g. [28, Corollary
7.8.2]), |det(A(j,1))| is bounded above by the product of the Euclidean norms of
the columns of A(j,7). In particular, this implies that

[det(AGDl < [T el

1<k<d: ki
18



where v; denotes the k-th column vector of A. By (4.5),

d

Z(Aik)Q < eVd| Ay,
i=1
so | det(A(5,1))| < (eV/d)4! [1i<k<a: kzi [ Ark|- Hence for given 1 <, j < d,
[(ADi| _ [ det(A(j,9)] < (V)" Tlcpea i [Are] — (evd)!
(A Yal - det(A) - [(A7Hal = det(A) - [(A~1)a '

g

For ¢ > 1 and d € N, let 7.(d) denote the collection of real d x d lower triangular
matrices A = (a;;) satisfying the following two conditions:

(i) lawn| > lage| > ... > |agal > 0;

(i) |ai| < clajy| for all 1 <4, j <d.
Then we have the following estimates.
Lemma 4.5. Let n € N and Ay, ..., A, € To(d). Then for 1 <j <i<d,
(4.6) (AL An)igl < (en) 7 [(Ar -+ - Ag)yl.

Proof. We prove by induction on n. Since A; € 7.(d), the inequality (4.6) holds
when n = 1. Now assume that (4.6) holds when n = k. Below we show that it also
holds when n = k + 1.

Given Ay, ..., Ay € To(d), we write A = Ay and B = Ay--- Agyy. Clearly B
is lower triangular. By the induction assumption, |B;;| < (ck)"™7|B;;| for each pair
(i,j) with 1 < j < i < d.

Now fix a pair (i,7) with 1 < j <7 <d. Observe that

i i-1
(AB)y; — Aip By — A By Aip By
(AB);; Ay Bj o Ay By ‘ Aj; By

p=J p=J

(4.7)

Applymg the inequalities |Am| S |Ajj’7 |B,J| S (Ck)i_j|Bjj|, ‘Azp’ S C|App| S ClAjj‘
and |B,;| < (ck)P~7|Bj;| to (4.7) gives

(AB),; " » o
—— | < (ck)T+c) (ck)P <(c(k+1)).
’(AB)jj pz:;
Hence (4.6) holds for n =k + 1. O

Lemma 4.6. Let F* = {f*}{_,, t € A, be a translational family of IF'Ss on a compact
subset S of RY generated by a C* IFS F = {f;}-_,. Let 8 € (0,1) be a common
Lipschitz constant of fi,..., fr on S. That is,

|fi(u) — fi(v)] < Olu—v| foralll <i<{andu,veES.
19



Then fors,te A, u,v e S, neNandT € X,

(48) 300 - 2 < =2 (- - B2,

In particular,

@9) 1)~ A< B2 a1k ) — )] < 0ol

Proof. To verify (4.8) we let i € {1,...,¢}. Then

[fi(u) = fF)| < 1fi(w) = £ (u)] + [ fF(w) = f7(0)]
= [ti —si| + | filu) = fi(v)|

< Jt—s[+0fu—v|

Let ¢ : R — R be a contracting affine map defined by p(z) = [t — | + 0z for given
s and t. Then for every 1 <1 </,

(4.10) |fi () = FE ()] < ¢(lu—vl).

Now we can prove (4.8) by using the above inequality. Indeed, using (4.10) and
the fact that o(-) is monotone increasing, we obtain that for 1 <i,j <,

(i) = FF @) <o (1fi(w) = F@)]) < @*(Ju—vl).

Successive application of this implies that for every 7 € ¥,, and u,v € S,

|ﬁW%—ﬁ@HS@WW—vD:%{%+ﬁnQU_ﬂ_q:j).

This proves (4.8). The assertions in (4.9) then follow directly from (4.8). O
Now we are ready to prove Proposition 4.3.

Proof of Proposition 4.3. We divide the proof into 5 small steps.
Step 1. Write

(4.11) C":Sup{'(l)y—m'teA y,z€ 5 wex 1<i<d}
n (sz:‘))“ ) 9 ) mny — -
We claim that
1
(4.12) lim —log C,, = 0.
n—oo N,

To prove this claim, for each p € {1,...,¢} and i € {1,...,d} we define a function
a,; : S — R by

am(z) = log |(szp)ii| .
20



Clearly, the functions a,; are continuous on S. Since the matrix D, f, is lower
triangular for each z € S and 1 < p < /, it follows that for t € A, y,z € S,
W=w - w, €2, and 1 <1 <d,

n

(4.13) log [(D- )] = 3 s (2))
k=1
and
(4.14) log gg—§; =S (i (P @) — s (2)))

k=1

where 0*w 1= wWyy1 - -w, for 1 <k <n—1, 0"w := ¢ (here ¢ stands for the empty
word) and f(y) :=y. Define ~ : (0,00) — (0, 0) by

_ _ () — a ()] - — 2 < ul.
(@15) ) = max  supllans(y) — apa(2) : 0,2 €S, ly 2| < u)
Since S is compact and a,; are continuous, it follows that lim, ,oy(u) = 0. To
estimate the term in the lefthand side of the equality (4.14), by Lemma 4.6 we
obtain that

[foro¥) = forw(2)] < 0" Fly — 2| < 0" Fdiam(S),
where 6 € (0,1) is a common Lipschitz constant of fi,..., f, on S. Hence by (4.14),
(Dy fo)ii

1 1
n S (DLf)s

< %Z’y (Hn_kdiam(S)) — 0, as n — oo.
k=1

This proves (4.12).
Step 2. Fors,te Ajye S,neNweX, and 1 <i<d,

< ex n |t_5|
(Dyf8)i] — PUT\1=e ) )

where () is defined as in (4.15) and 6 € (0, 1) is a common Lipschitz constant for

fi,--, feon S.
To prove (4.16), by (4.13) we see that

(Dy f&)ii

(Dy f3)ii

n

> (i (P @) = i (o))

k=1

< n |t—5|
- 1—-0)°
|t—s|

where in the second inequality we have used the fact that | f%, (y) — /5., ()| < =%
(which follows from (4.9)). This proves (4.16).

Step 3. Set

log

(4.17) c=sup{‘&—%

1y€5,1§p§€,1§i,j§d}-
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Then

D, f5):;
(4.18) ‘M <(en)? forallsc A, ye S, wex, 1<i,j<d.

To see this, we simply notice that D, f5 = [[,_, D %, (y)Jw, and apply Lemma 4.5.

Step 4. Let ¢ and C,, be defined as in (4.17) and (4.11). Then for t € A,
Y, 21,24 €S, we X, and 1 < k,j <d,

1

< (C")d(dl)(\/a)dl<cn)dwa
Py

(4.19) ‘((D; ..... zdf:’)_l)kj

.....

- ‘(Dzkf::)kj

(by (4.2))

< (@)|(Dafh),] oy (118)
< (en)'C, (Dzjf;)jj’ (by (4.11))
= ()| (Dn L f) | oy (12),

Applying Lemma 4.4 (in which we replace ¢ by (¢n)?C, and take A = D ft),
we obtain

from which (4.19) follows.
Step 5. Now we are ready to prove (4.4). Let 0 € (0,79). Write

Uy == (en)™D(Vd)(C,)Y, n € N.
22



Then for s,t € A with [t —s| < and 1 <4,j <d,

(DS (D,

IN
B)
Sy
§
M=

(by (4.18), (4.19))

< d(cn)%u, exp <nfy <|I :j)) (by (4.16))
< d(cn)%u, exp <n7 (%)) :

This implies that

(4.20) HDyf:’ . (D; 77777 de:’)—ln < d2(cn)dun exp (nv (%)) )

where we have used an easily checked fact that

| Al < d12%§d|‘4”|

for A = (AZJ) € Réx4,
Set h: (0,79) — (0,00) by h(z) =z + v (%;). Since

lim 1 log (d*(cn)™u,) =0,

n—oo 1,

there exists C(§) > 0 such that d?(cn)u,e™ < C(6) for all n > 1. According to
this fact and (4.20), we obtain the desired inequality

.....

for later convenience we may assume that C'(§) > 1. O

4.2. Proof of Theorem 4.2. The following result plays a key part in our proof.

Lemma 4.7. Let {Ft}en be a translational family of IFSs on a compact set S C R?
generated by a C' IFS F = {f;}‘_,. Suppose that (4.3) holds. Let 6 > 0. Then

there exists C' > 0 which depends on F and & such that the following holds. Let
a= (a,)2,,b = (b)), € X with ay # by, and let A be a real invertible d x d

n=1» n=1

matriz. Then fors € A and r > 0,

L {f € BRed(ﬁ, (5) NA: Ht(a) — H%b) € A_lBRd(O,T)}
~ rk }
<Cminq——: k=0,1,...,d ¢,
- {fb’“(A)

where Bgea(-,-) and Bga(-,-) stand for closed balls in R and RY, repectively.

(4.21)

Since the proof of the above lemma is a little long, we will postpone it until we

have finished the proof of Theorem 4.2.
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Proof of Theorem 4.2 by assuming Lemma 4.7. Fixs € A and § € (0,7¢). Let i,j €
S with i # j. Set
w=1iAj and n=|w|

Write a = ¢™i and b = ¢"j. Clearly a; # b;.

Fix y € S. We claim that for r > 0,
{t € Brua(s,0) N A : [II'(i) — I'(j)| <}
C {t € Bruls,6) N A T(a) — IT'(b) € (Dyf2) " Bga (0,C(8)e™r) },
where C'(0) and h(d) are given as in Proposition 4.3.

To show (4.22), let t € Brea(s,d) NA so that [IT*(i) — IT*(j)| < r. Notice that

1) — 14G5) = £4(11(a)) — (T (b)).

Since S is convex, by the mean value theorem there exist z;,..., 25 € S such that

() — () = (D%, ., fo) (IF(a) — IT(b)).

(4.22)

Hence
Ma) —'b) = (D, . f5) " (I'G) - 1))
S (DZ ..... zdf::) Bra(0,7)
(Dy 1) Dyfg (D%, 2y fb) ™ Bra(0.7)
(Dyff,)_1 Bga (0, C(é)e”h(5)r) (by Proposition 4.3).

,,,,,

This proves (4.22).
By (4.22) and Lemma 4.7, we see that
Leq {t € Bgeua(s,0) N A [ITI(H) — II'(G)| < 7}
< Ly {t € Brua(s,0) N A : II'(a) — IT'(b) € (D yfﬁ) Bpa (0’ 0(5)€nh(6)7,)}

- ) C’(é)ke”kh(‘s)rk }
<C-mn————: k=0,1,...,d
B { PF(Dy f5)
k
<5C’5de”dh(5)min{ ! : k‘:(),l,...,d}.
= FD,12)
Since y € S is arbitrary and II*(X) C S, recalling
-k
Z8(r)=infmind ——: k=0,1,....d,
200 = min { j

it follows that
Lig{t € Bpea(s,8) NA = [ITHE) — IT'()| < 7} < CC(6)%em ™ 22 (r).

This completes the proof of the theorem by letting ¢s = CC(8)% and 1(8) = dh(d).
U

In what follows we prove Lemma 4.7. To this end, we first prove an elementary

geometric lemma.
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Lemma 4.8. Let A be a real invertible d x d matriz. Then for rq,rs > 0,
hpd—k
Ly ((AilBRd(O,T’I)) N BRd(O,’f’z)) < 2d in { g;k(QA)

where ¢*(+) is the singular value function defined as in (2.5).

: k:O,l,...,d},

Proof. Let oy > -+ > a4 be the singular values of A. Clearly the set
(A_IBRd (0, 7’1)) N BRd (0, TQ)

is contained in a rectangular parallelepiped with sides 2min{ry/c;,ro},i=1,...,d.
It follows that

d
Lq (A" Bga(0,71)) N Bpa(0,73)) < Qdein{§7 rz}

7

k. .d—k
- 2dmin{L: k:O,l,...,d}

ap...0L

k,.d—Fk
_ od, )T
= 2m1n{¢k(A).k—0,l,...,d}.

Proof of Lemma 4.7. Let a = (a,)22,, b = (b,)5, € ¥ with a; # b;. Without loss
of generality we assume that

(4.23) ap=1 and b =2
Define g : A — R? by
g(t) = II'(a) — TI(b).
Recall that we have used the notation t = (t;,...,t,) € A C R with
tk:<tk,1,---7tk,d) eR? forall 1 <k<U/t

Fort = (t1,...,t,) € Aand k € {1,...,(}, let %(t) denote the Jacobian matrix of
the following map from R? to R%:

(tkas - stea) = gty s ber ety - ooty bty - - -5 Be).

Write I = 1I; := diag(1l,...,1). First observe that for every n € N and i =
d
(ik)72y € %,
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It follows that for k € {1,...,¢},

OITt(a)
ot

:5k,a1 I+ (DH‘(oa)fél) X
[ - 0 ,a2 (DHt gza)f;Q)[ -0k ,a3 (Dnt(gsa)f;3)[1 . 5k,a4 4+ .. H]

—5k:a1 I+ Z HDHtUafak7

n>1
ap41=k

(4.25)

where 0; ; = 1 if ¢ = 7 and 0 otherwise.

By (4.25) and the assumption (4.23), we see that for k € {1,...,/},

dg aﬂt(a) 8H‘(b)
4.2 — = — =01 1 =010 - 1I+F
(4.26) atk(t) ot o, k1 ko I+ Eg(t),
where
(4.27) Eit) = ) HDmga)fa 3 | 2T
n>1 n>1 =1
apt1=Fk bpt1=k

Recall that p = max (pi + p;) < 1 with p; := max | D fi|-
1%£] ze

Lemma 4.9. There ezists k* = k*(a,b) € {1,2} such that |Ew(t)| < p for all
tec A

Proof. Our argument is based on an idea of Boris Solomyak which was used to prove
a corresponding statement for self-affine IFSs [3, Theorem 9.1.2].

By (4.27), for each k € {1,2} and t € A,
(4.28) IECOI < D payPaw+ D Poe Phy =1 A

n>1 n>1
apy1=Fk bpy1=k

Clearly A, (k= 1,2) only depend on a and b.
Notice that

2
Z >\k<1 - pk Z Pay * pan pan+1 + Z Poy - pbn pbn+1)

(4.20) k=1
= p1 + P2
< p.

This implies that one of \j, Ay is smaller than p; otherwise, since p; + p2 < p < 1,
it follows that

2
S M= pe) = p(1—pr+1—p2) > p,
k=1
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which contradicts (4.29). Now set

L — 1 if A< P,
"] 2 otherwise.

Then Mg« < p. Since A1, Ay only depend on a and b, so does k*. By (4.28),
[Ew ()] < A < p
for all t € A. O

In what follows, we always let k* = k*(a,b) € {1,2} be given as in Lemma 4.9.
Lemma 4.10. For allt € A,

(4.30) H <£i* (t))1

Proof. Without loss of generality we assume that £* = 1. The proof is similar in the
case when £* = 2.

Let t € A. By Lemma 4.9, || E;(t)|| < p < 1. Thanks to (4.26),

L—p

0
(431) S =T— (~Ea(t)).
oty
where I = diag(1,...,1). Since |E;(t)|| < p < 1, we see that ng(t) is invertible with
N—— 1

d

(g—ia))l 1+ nf;(—&(t))",

from which we obtain that
dg -1
—(t

(8’51( ))

Next we introduce two mappings 71, Ts : A — R by
(433) Tl(t) = (g(t)7t27"'7t5)7 T2<t) = (t17g<t)7t37-“7tf)7
where t = (ty,...,t,). Recall that g(t) = II*(a) — IT*(b).

Lemma 4.11. Let k* = k*(a,b) € {1,2} be given as in Lemma 4.9. Then the
following properties hold.

(4.32)

. n - T 1
§1+Z||E1(t)|| §1+ZP 1=,
n=1 n=1

(i) The mapping Ty~ : A — R is injective.
(ii) For each t € A,

(4.34) |det ((DTp) )| < (L)d

1—p
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Proof. Without loss of generality, we may assume that k* = 1. Then by Lemma 4.9
and (4.33),

(4.35) IEA®I < p, Ti(t) = (9(8), b2, t0)

for t = (t1,...,t,) € A. Hence to prove (i), it suffices to show that for given
to, ..., t, € R? with 2522 [t2]? < rZ, the mapping

t, — g(tl,t27 . ,tg)

is injective on A; = {tl ERY: |ty] < (/12— 20, |t2|2}. To this end, define v :

Al — R¢ by
I/)(tl) = g(tl, ce ,t[) - tl'
Then by (4.31) and (4.35),

9]
%(tl, ... 7tg) — IH = ||E1(t1, . ,tg)” <p for each t; € A;.
1
Since A; is a convex open subset of R? by [42, Theorem 9.19] the above inequality

implies that

1Dyl = \

|Ph(t1) — ¥(s1)] < plty —s1| < [61 — s
for all distinct t1,s; € Aq. It follows that for distinct t1,s1 € Ay,
9(61) —g(s1)| = [(t1) +t1 = ¥(s1) — s
> |ty — s = [¥(t1) —P(s1)|
>

This proves (i).

To prove (ii), notice that

B 9 P P
L) |22 sEe) - Sy
DTy = ,
. O—1)dd Li—1)a

where Iy_1)q := diag(l,...,1) and O¢_1)q,q is the ((—1)d) x d all-zero matrix. That
——

(¢-1)d

it (A® | B
0¢—1yaa | Le-1)a)’

is,

where A(t) and B(t) are given by
dg dg dg
Alt) = —(t Bit)=(=—®),...,=—(1#)|.
O=5® 5O (Lo 50
Hence by Lemma 4.10, A71(t) exists and

(D) = ( A7) | -AT®)- B<t>> |

O0¢-1)d,a) ‘ L—1)a
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It follows that
det ((DIT1)) = det (A7 (8)) = det ((S—ém) ) ) .

By the Hadamard’s inequality (see e.g. [28, Corollary 7.8.2]),
d
< : ) d
< PEA )
=\12,

det ((j%(t)))‘ < (j—i(t))_l

where the last inequality follows from Lemma 4.10. This completes the proof of
(ii). O

’det ((D1T1>_1) ‘ =

To shorten the notation, from now on we write
1 \¢

(4.36) C, = (Tp) .
Let § = (s1,...,8¢) € A and 6,7 > 0. Let A be a given real invertible d x d matrix.

Write

E := {t€ Bru(s,6)NA: II'(a) — II'(b) € A" Bra(0,7)}
= {t€ Bgu(s,0)NA: g(t) € A" Bga(0,7)}.

Below we estimate Ly(E).

Notice that Lyg(E) = Lg (Tk_*l(Tk*(E))). Recall that by Lemma 4.11, the map-
ping Tp+ : A — R is injective, and det ((D¢T}-)"") < C, for t € A. So by the
substitution rule of multiple integration (see e.g. [42, Theorem 10.9]),

(4.37) Loa(E) < CiLyg (T (E)).
Next we estimate Ly (Ty+(E)). Without loss of generality we may assume that
k* = 1. Notice that for each t € F,
g(t) € A7 Bra(0,7);

in the meantime since II*(a), IT{(b) € S, it follows that

g(t) = IT'(a) — IT*(b) € Bga(0, 2diam(9)).
Hence, for each t € F,

g(t) € (A" Bga(0,7)) N Bga(0, 2diam(S)).
Since T1(t) = (g(t), t2, ..., ty), it follows that

T\(E) C F, x B,
where
Fy == (A7 Bga(0,7)) N Bga(0, 2diam(S5)),

F2 = {(t27 <o 7t€) € R(éil)d : |t7‘ o Si| < 5} '
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Consequently,
Ly (TV(E)) < La(Fr1) - Li-1ya(F2)

k(9di d—k

< dein{r ( 1?“(5)) : k:O,l,...,d} (2614

PF(A)
(o |
< ywmind ———=: k=0,1,...,d
Pk (A)
with u := 26~ D9 max {1, 2diam(S)?}, where we have used Lemma 4.8 in the
second inequality. Combining this with (4.37) yields that
k
Li(E) < CiLg(T1(E)) < uCymin {m ck=0,1,... ,d} .

This completes the proof of Lemma 4.7. U

5. TRANSLATIONAL FAMILY OF IFSS GENERATED BY A C!' CONFORMAL IFS

In this section, we prove the following result.

Theorem 5.1. Let F = {fi: S — S}._, be an IFS on a compact set S C R
Suppose that the following properties hold:

(i) The set S is connected, S = int(S) and f;(S) C int(S) for all i.
(ii) There is a bounded connected open set U D S such that each f; extends to a
C' conformal diffeomorphism f; : U — f;(U) C U with
pi = sup || fi(z)]| < 1.
zeU
(111) maX;x; p; + pj < 1.

Then there is a small o > 0 such that the translational family F* = {ft = fi+t;}i_,,
t=(t,....t) € A:={s € R : |g] < ry}, satisfies the GTC with respect to the
Lebesgue measure Ly on A.

Proof. By the assumptions (i) and (ii), we may pick two open connected sets V' and
W (for instance, we may let V' and W be the e-neighborhood and 2e-neighborhood
of S, respectively, for a sufficiently small § > 0) such that

ScVcVcWcWcU, and

fi(V)cVand ;(W)CcW for alli.
Then by continuity, we can pick a small ry such that for all t = (ty,...,t,) € R
with |t| <To,

fHV)ycVand f{W)cW for all 4,
where f!:= f; +t;. Fix this 79 and set A = {s € R : |s] < ry}. In what follows
we prove that the family F*, t € A, satisfies the GTC with respect to L4 on A.

Fori=1,...,¢, define g; : W — R by

gi(z) =log || fi(2)]-
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Then g; is continuous on W for each i. Define v : (0,00) — (0,00) by

v(u) = max sup{lgi(z) — g:(y)| - w,y €W, |z —y| <u}.

That is, v is a common continuity modulus of ¢y, ..., gs. Clearly lim, ,ov(u) = 0.
Notice that fort € A, y € W and w € %,,,

log | (/) Wl = > e (firu ()-

Using similar arguments (with minor changes) as in Step 1 and Step 2 of the proof
of Proposition 4.3, we can show that the following two properties hold:

(a) Write for n € N,

t\/
(5.1) Cn::sup{wzteA, y,zEW,wEZn}.

1(/&) )]

Then lim,, % log C,, = 0.
(b) Forye W,s,te A,neNandw € %,

(52) WU < oxp (0 (1231)).

where 0 := max;<;<, p; < 1.

Let H denote the collection of C! injective conformal mappings h : W — W such

that h(V') C V. The following fact is known (for a proof, see e.g. part 3 of the proof
of [39, Lemma 2.2]): there exists a constant D € (0,1) depending on V' and W, such
that

(5.3) D - (invli/ ||h’(z)H> “lr—y| <|h(x) —h(y)] forallheH, z,yeV.
zE

Now fixs € A and § € (0,79). Let i,j € ¥ with i # j. Set
w=iAj and n=|w|
Write a = ¢™i and b = ¢"j. Clearly a; # b;. Fix y € S. We claim that for » > 0,
{t € Bgu(s,6) N A |II'() — II'(j)| < r}
C {t € Bpu(s,6) N A : M'(a) — II(b) € (D, f5)"! Ba (0,¢(n,d)r)},

c(n,d) := D'C, exp (nv (%)) > 1,

in which D is the constant from (5.3).

(5.4)

where
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To show (5.4), let t € Byea(s,0) N A so that |[TT*(i) — IT*(j)| < 7. Notice that
(i) — 1°(3)| = | £, (IT(a)) — £, (IT'(b))]
> 0 (1Y) - M@ - T oy (5)

> D(C) e (- (125) ) IO - M) - 1)L

where in the last inequality we have used (5.1) and (5.2). It follows that

J
a) = )] < LYW - D Cuexp (n (125 ) ) or
Since (f3)'(y) = D, fZ is a scalar multiple of an orthogonal matrix, the above in-
equality implies that
[I'(a) — IT(b) € (D, f5) ™" Bga (0,¢(n, 8)r).
from which (5.4) follows.
By (5.4) and Lemma 4.7 (which is also valid in this context),
Lg {t € Bre(s,0) N A : |Ht(1) — Ht(J)| < ’I"}
< Lo {t € Bgea(s,6) N A : IT'(a) — II'(b) € (D, f5) ™" Bga (0,c(n,8)r)}
c(n, d)Frk }
————: k=0,1...,d
O (Dyfs)
k
gécn,(sd.mm{ k= 0,1...,d}
(O D, )

~ 5 ) k
= D 4C,) exp (nd’y (1—_9>)m1n{¢k(ryﬁ) : k:(),l...,d}.

Since y € S is arbitrary and II*(X) C S, recalling

Sé’-min{

k
Zj(r):infmin{gb(r—: k:(),l,...,d},

TEY k DH-"sz,)
it follows that
Log {f € BRM(ﬁ, 5) NA: |Ht(l) — Ht(J)| < T}
< CD™C,) % exp <nd’y (%9)) 78 (r)

< 056”7/’(5)Zf,(r),

where
~1y—d d_—nd J
cs :=supCD™4C,)% ™™ < oo, (0) —(5+d7< 0)
neN -
Since lim,_,0v(u) = 0, we see that lims_01(6) = 0. Thus (Ft)ca satisfies the
GTC. 0
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6. DIRECT PRODUCT OF PARAMETRIZED FAMILIES OF C' IFSs

In this section we study the direct product of parametrized families of C* IFSs
(cf. Definition 1.5). The main result is the following, stating that the property of
GTC is preserved under the direct product.

Proposition 6.1. Let £ € N with ¢ > 2. Suppose that for k = 1,....n, (F*)i.ca.
is a parametrized family of C* IFSs on Z; C R%, satisfying the GTC with respect to
a locally finite Borel measure n on the metric space (S, dq, ). Moreover, suppose
all the indiwidual IFSs have € contractions. Set

Flttn) = Flosc oo Fins (b, t,) € QX - X Q.
Endow Q := Qq X -+ x Q,, with the product metric dg as follows:

n 1/2
do((ty, .. tn), (s, 8p)) = (Z ko(sk,tk)2> .
k=1

Then the family F®t0) (), ... t,) € Qy x---xQ,, satisfies the GTC with respect
tomn X -+« XNy

To prove the above proposition, we need the following.

Lemma 6.2. (i) Let A be a real non-singular d x d matriz with singular values
a1 > -+ > ay. Then for each r > 0,

p d i ,
min{—r ; p:O,l,...,d}:H—mm{a“r}7

@P(A) pielReY
where ¢*(+) is the singular value function defined as in (2.5).
(i) For j=1,...,n, let A; be a real non-singular d; x d; matriz. Set
A O 0
0 A 0
M = diag(Ay,..., A,) = | . . 0
0 O A

n

Then

p
min{m: p—O,l,...,d1+...+dn}

ﬁ i { r 0,1 d}
= min cp=0,1,...,d; .
i=1 ¢ (As)

Proof. The proof of (i) is direct and simple. We leave it to the reader as an exercise.
Part (ii) is just a consequence of (i), using the fact that the set of singular values
(including the multiplicity) of M are precisely the union of those of A;, i =1,...,n.

0

(6.1)

Now we are ready to prove Proposition 6.1.
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Proof of Proposition 6.1. Write
]:Iik:{ 1 k€, k=1,...,n

Forw =w;...w,, € X,, write f fw1 i Of k. Let Htk denote the coding map
assomated Wlth the IFS .7-",?“, and [I(ttn) the Codlng map associated with the IFS
Fltns ). According to the GTC assumption on the families (F}* )i, cq,, k = 1,...,n,

there exist dp > 0 and a function ¢ : (0, ) — [0, c0) with lims_,o1(0) = 0 such that
for every § € (0,0¢) and (sy,...,8,) € Q1 X+ -xQ,,, thereis C' = C(0, s1,...,5,) >0
satisfying the following: for each k € {1,...,n}, distinct i,j € ¥ and r > 0,

Mk {tk € B, (sk,0) : [INF(E) — I (j)| < 7"}

(6.2)

Tp
< CelNIVO) inf min cp=0,1,...qx ¢,

x t
* @ (Dye, )

where Bg, (sg,d) stands for the closed ball in €2 of radius 0 centered at s,. Writing
t=(t1,...,tn), s = (s1,...,5,) and using (6.2),

m X - X, {8 € Ba(s,0) + [II°(i) — 1I*(j)| < r}

gH K {tk € Boy(s1,,0) « [IIF() — ITFG)| <}

D
C'elMNIO) inf min "

TEY ¢p ( f/\] k)
p
< C"e™NG) inf TT min ! cp=0,1,...,q

e ¢p< ko fing k)

p:()717"'7qk

VAN
= ||

e
Il
—

P
— (e n|inj|y (6 lnfmm{¢p( r )p:0,1,7q1++qn}

[ Itz 1/\J
n _ nj 1) S
— O eniNIY( )Zl/\J( ),

where we have used (6.1) in the second last equality. Hence the family F*, t € €,

satisfies the GTC with respect to the measure 7, X --- X n,, where the involved
constant and the function in the definition of GTC are C™ and ni(-), respectively.
OJ

7. THE PROOF OF THEOREM 1.6 AND FINAL QUESTIONS

Now we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. This follows directly by combining Theorems 4.2, 5.1 and

Proposition 6.1. U
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Below we list a few ‘folklore’ open questions on the dimension of the attractors
of C' IFSs. One may formulate the corresponding questions on the dimension of
push-forwards of ergodic invariant measures on the attractors.

Question 1. Is it true that for every C' IFS F = {f;}{_, on R? satisfying (1.8),
there is a neighborhood A of 0 in R* such that for Ly-a.e. t = (ty,...,t,) € A,

dimy K' = dimp K* = min{dimg F*, d}?
where K* is the attractor of the IFS F* = {f; + t;}{_;.

Question 2. Do we have
dimy K = dimp K = min{dimg F, d}

for the attractor K of a “generic” C*! IFS F on R (in an appropriate sense)?
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